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Abstract—Due to its flexibility, perovskite materials are a
promising candidate for many semiconductor devices. For ex-
ample, Perovskite Solar Cells (PSCs) have become recently one
of the fastest growing photovoltaic technologies [1]. In this work,
we take volume exclusion effects into account by formulating two
different current densities – either treating the mobility or the
diffusion as density dependent while the other quantity remains
constant. Finally, we compare both fluxes within drift-diffusion
simulations performed by two different open-source tools.

I. MODEL EQUATIONS

Let α denote a charge carrier (electrons n, holes p or anion
vacancies a), nα be the corresponding density and ψ the
electric potential. In perovskites, the carriers’ movement is
described by a system of partial differential equations [2], [3]

−∇ · (εs∇ψ) = q
∑
α

zα(nα − Cα), (1a)

zαq∂tnα +∇ · jα = zαqrα, (1b)

in an open subdomain Ωk ⊂ Ω ⊂ Rd, d ∈ {1, 2, 3},
Ω = ∪kΩk. Here, εs denotes the relative permittivity, q
the elementary charge and zα the charge number. The dop-
ing and the mean ion concentration are given by Cα, a
reaction/generation mechanism may be described by rα and,
finally, the motion of charge carriers is described by the current
density jα. The model is supplemented with suitable initial and
boundary conditions. We consider a three layer device with an
active perovskite layer sandwiched between two doped non-
perovskite semiconductor transport layers. Note that the set of
unknowns can be given either in terms of the electric potential
ψ and the densities of moving carriers nα, α = n, p, a, or in
terms of (ψ,φn, φp, φa), where φα denote the respective quasi
Fermi potentials. These potentials are linked to the charge
carrier densities via (for α = n, p, a)

nα = NαFα

(
ηα(ψ,φα)

)
, ηα = zα

q(φα − ψ) + Eα

kBT
, (2)

where Nn, Np are the effective density of states and En, Ep

the conduction and valence band-edge energies. Further, Na is
the maximum ion vacancy concentration and Ea the formation
energy. The parameter kB refers to the Boltzmann constant and
T to the temperature. We call Fα statistics function, which for
non-degenerate semiconductors is an exponential. To include
volume exclusion effects we define Fa(η) = (exp(−η)+1)−1.

II. CURRENT DENSITY DESCRIPTIONS

The perovskite model (1) is supplemented with following
current density descriptions for electrons and holes

jn = −qzn (Dn∇nn + znµnnn∇ψ) , (3a)
jp = −qzp (Dp∇np + zpµpnp∇ψ) , (3b)

where the diffusion coefficient Dα and the mobility µα, α =
n, p, are related via the generalized Einstein relation [2]

Dα= µαUT gα

(
nα
Nα

)
, gα

(
nα
Nα

)
=
nα
Nα

(F−1
α )′

(
nα
Nα

)
, (4)

where UT is the thermal voltage and gα the diffusion en-
hancement. For non-degenerate semiconductors we have gn =
gp = 1 with constant mobilities and diffusion coefficients. To
limit ionic depletion, we need to incorporate volume exclusion
effects into the current density expression of anion vacancies
jα. On the one hand, assuming a constant mobility µa = µa

and applying (4) the current density comprises nonlinear
diffusion [2]

ja,1 = −qzaµaUT

(
ga

(
na
Na

)
∇na +

za
UT

na∇ψ
)
, (5)

where ga = (1 − na/Na)
−1. On the other hand, a constant

diffusion coefficient Da = Da, called the tracer diffusivity,
allows us to express the mobility in terms of an activity
coefficient, which is given by the diffusion enhancement ga
for diffusion on a lattice [4]. This leads to a current density
expression with a modified drift term

ja,2 = −qzaDa

∇na +
za

UT ga

(
na

Na

)na∇ψ
 . (6)

III. CURRENT DENSITY DISCRETIZATIONS

We will discretize the perovskite model (1) for both fluxes
(5) and (6) via two different simulation tools/techniques.
While ChargeTransport.jl uses a finite volume method
(FVM), IonMonger is based on the finite element method
(FEM), see [3], [5], [6] for further information. Next, we
introduce the local FVM and FEM flux discretizations for (5)
and (6). Let the subindices K and L denote the evaluation of
a quantity at the neighboring nodes xK and xL, respectively,
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and δψ = (ψL − ψK)/UT . IonMonger uses dimensionless
flux approximations equivalent to numerical current densities

jIM
1,KL = −qµaUT

[
L(na,L)− L(na,K)

hKL
+ n̄2

δψ

hKL

]
,

jIM
2,KL = −qDa

[
na,L − na,K

hKL
+ (n̄2 − n̄3)

δψ

hKL

]
,

where L(n) = Na log
(
1− n

Na

)
and hKL denotes the Eu-

clidean distance between xK and xL. Moreover, we used
the averaged densities n̄2 = 1

2 (na,L + na,K) and n̄3 =
1

3Na
(n2

a,L + na,Lna,K + n2a,K). In ChargeTransport.jl
the modified Scharfetter-Gummel fluxes are implemented as

jCT
1,KL =

qµaUT ḡKL

hKL

(
B

(
δψ

ḡKL

)
na,K −B

(
−δψ
ḡKL

)
na,L

)
,

jCT
2,KL =

qDa

hKL

(
B

(
δψ

ḡKL

)
na,K −B

(
−δψ
ḡKL

)
na,L

)
.

Here, B denotes the Bernoulli function given as B(x) =
x/ (exp(x)− 1) , B(0) = 1. The only choice of ḡKL con-
sistent with thermodynamic equilibrium [7] is

ḡKL =
ηa,L − ηa,K

logF(ηa,L)− logF(ηa,K)
,

where ηa,K , ηa,L are evaluations of the argument of Fa in (2).

IV. NUMERICAL SIMULATION

Using the parameter template of [3], a PSC three layer
device based on the two alternative current density descrip-
tions was simulated for a linear IV scan protocol with a
scan rate 0.04V/s with both software tools. For simplicity,
surface effects are neglected. We denote the ratio between the
maximum vacancy concentration Na and the average vacancy
concentration Ca by ϵ. The evolution of the electric potential
ψ is depicted in Figure 1 for a case of low (ϵ = 0.01) and
high (ϵ = 0.95) volume exclusion effects. The colored lines
correspond to a solution calculated with IonMonger whereas
the black dotted lines indicate respective solutions calculated
with ChargeTransport.jl. Brighter color indicates later
time. First, we notice that both software tools yield the same
results. Second, for high volume exclusion (larger ϵ) the
modified drift in (6) causes a slower evolution of the ion profile
(shown by the potential gradients remaining large) compared
to the flux with nonlinear diffusion (5). In fact, this can be
also observed in the ion vacancy density profiles in Figure 2.

V. SUMMARY AND OUTLOOK

For a PSC model, we discussed two types of continuous
current densities: nonlinear diffusion (5) and modified drift (6).
We discretized both fluxes via two different methods (FVM
and FEM) and showed in simulations that both discretizations
yield the same result: The modified drift current leads to
an ion profile which changes more slowly compared to the
current density with nonlinear diffusion. The effect on the ion
distribution near an interface was also demonstrated.

Fig. 1. Evolution of the electric potential ψ solving the model (1) based on
the nonlinear diffusion current (5) (first row) and for the model based on the
modified drift current (6) (second row). The first column shows the case of
ϵ = 0.01 for Ea = −4.45eV (low exclusion) and the second column of
ϵ = 0.95 for Ea = −4.26eV (high exclusion). Brighter colors indicate later
time.

Fig. 2. Evolution of the vacancy density na at the right perovskite/hole
transport layer interface based on the nonlinear diffusion current (5) (left)
and for the modified drift current (6) (right) for ϵ = 0.95. The second current
leads to a slower evolution of the ion profile. Given sufficient relaxation time,
the two descriptions result in the same equilibrium profile.
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